






CHAPTER 12

Boundary Value 
Problems

Complex analysis can be utilized to solve partial differential equations. In this 
chapter, we consider Dirichlet problems, which involve the speci� cation of a 
function that solves Laplace�s equation in a region R of the x-y plane and takes on 
prescribed values on the boundary of the region which a curve is enclosing R that 
we denote by C. A Neumann problem is one that speci� es the derivative of the 
function on the boundary. Conformal mapping can be used to arrive at a solution to 
these types of problems.

Laplace�s Equation and Harmonic Functions
Let�s review the concept of a harmonic function, which was introduced in Chap. 3. 
We say that a function φ( , )x y  is a harmonic function in a region R of the x-y plane 
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if it satisfi es Laplace’s equation:
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We often use the shorthand notation φ φ φ φxx yyx y= ∂ ∂ = ∂ ∂2 2 2 2/ /and  to indicate 
partial derivatives. Recall that if a complex function f z u x y iv x y( ) ( , ) ( , )= +  is 
analytic in a region R then it follows that u x y( , ) and v x y( , ) are harmonic functions. 
Moreover,u x y( , ) and v x y( , ) are harmonic conjugates, meaning that one can be 
determined from the other by integration and the addition of an arbitrary constant (see 
Chap. 3).

In polar coordinates, Eq. (12.1) becomes
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The fi rst two examples review the concept of harmonic conjugate.

EXAMPLE 12.1
Find the harmonic conjugate of u x y x x y( , ) /( ).= +2 2

SOLUTION
First we compute the derivatives of the function with respect to x and y:
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This derivative can be computed using the rule for quotients:
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A similar procedure yields the derivative with respect to y:
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The Cauchy-Riemann equations tell us that
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Hence we have the following relationship:
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Now, we also have the other Cauchy-Riemann equation at our disposal, which says
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If we take the derivative with respect to y of v x y y x y F y( , ) [ /( ) ] ( )= − + +2 2 2 , we obtain
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Comparison with Eq. (12.3) tells us that
 

′ =F y( ) 0, which means that F y( ) is some 
constant. Choosing it to be 0, we fi nd that the harmonic conjugate to u x y( , ) is
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EXAMPLE 12.2
Find the harmonic conjugate of u r r( , ) lnθ = .

SOLUTION
To solve this problem, we recall the form of the Cauchy-Riemann equations in 
polar coordinates, given in Eq. (3.27):
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Since u is a function of r only, we can immediately deduce that
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where A is some constant. Now
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But by the Cauchy-Riemann equations, we have that ∂ ∂ = ∂ ∂u r r v/ ( / )( / )1 θ . 
Therefore, ∂ ∂ =v / θ 1 which we can use to write

 
v r d B( , )θ θ θ= = +∫

where B is some constant. Comparison with v r A f( , ) ( )θ θ= +  leads us to

 f ( )θ θ=

Ignoring the constants of integration, we conclude that the harmonic conjugate 
of u r r( , ) lnθ =  is

 
v r( , )θ θ=

Solving Boundary Value Problems Using 
Conformal Mapping

In this section, we apply conformal mapping techniques to the solution of boundary 
value problems with Dirichlet and Neumann boundary conditions. First, we state 
Poisson’s formulas, which give the solutions to the Dirichlet problem on the unit 
disk and for the upper half plane.

 1. Let C be the unit circle and R its interior. Suppose that f r( , )θ  is harmonic in R
and that it assumes the value g( )θ  on the curve C, that is, f g( , ) ( )1 θ θ= . Then 
the solution to Laplace’s equation on the unit disk is given by Poisson’s formula 
for a circle which states that
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Next we consider a function f x y( , ) , which is harmonic in the upper half plane  
y > 0 and assumes the value f x y g x( , ) ( )=  on the boundary, which in this case is 
the x axis, that is, −∞ < < ∞x . The solution to Laplace’s equation for the upper half 
plane is given by

 f x y
y g s

y x s
ds( , )

( )

( )
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+ −−∞
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∫
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2 2π
 (12.5)

We call Eq. (12.5) Poisson’s formula for the half plane.
We can solve a wide variety of boundary value problems for a simply connected 

region R by using conformal mapping techniques. The idea is to map the region R 
to the unit disk or to the half plane. The mapping function that we use must be 
analytic. There are three steps involved in obtaining a solution:

• Use a conformal transformation to map the boundary value problem for a 
region R to a boundary value problem on the unit disk or half plane.

• Solve the problem using Eq. (12.4) or (12.5).

• Find the inverse of the solution (that is apply the inverse of the conformal 
mapping) to write down the solution in the region R.

Remember that a simply connected region is one that includes no singularities. 
While the mapping of the region R to a region ′R  in the w plane must be conformal, 
the mapping of the boundary does not have to be conformal.

Three theorems are useful for solving these types of problems. The fi rst tells us 
that a map w f z= ( ) has a unique inverse. The second tells us that a harmonic 
function is transformed into a harmonic function under an analytic mapping 
w f z= ( ), and fi nally we learn that if the boundary value of a function is constant in 
the z plane, then it is in the w plane as well.

THEOREM 12.1
Let w f z= ( ) be analytic in a region R of the z plane. Then there exists a unique 
inverse z g w= ( ) in R if ′ ≠f z( ) 0 in R.

THEOREM 12.2
Let U x y( , ) be a function in some region R of the z plane and suppose that w f z= ( ) 
is analytic with ′ ≠f z( ) 0. Then if φ( , )u v  is harmonic in the w plane where 
U z w( ) ( )= φ  are related by w f z= ( ), then U x y( , ) is harmonic.

THEOREM 12.3
Let U x y A( , ) = , where A is a constant on the boundary or part of the boundary C of 
a region R in the z plane. Then its image φ( , )u v A=  on the boundary of the region 
′R  of the w plane. If the normal derivative with respect to the boundary ∂ ∂ =U n/ 0  

in the z plane, then ∂ ∂ =φ / n 0 on the boundary of ′R  in the w plane as well. 
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We prove theorem 12.2. We know that φ( , )u v  is harmonic in the w plane. This 
tells us that

 
φ φ
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The coordinates u and v are functions of x and y. So we can take the derivatives of 
U x y( , ) using the chain rule and the fact that U z w( ) ( )= φ :
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But the Cauchy-Riemann equations are also satisfi ed by u and v since we assumed 
that w f z= ( ) is analytic. So
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Moreover, since the transformation is analytic, and f u iv= + , the coordinate 
functions u and v are harmonic, that is, u u v v

xx yy xx yy
+ = + = 0. It follows that
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This concludes the proof, which showed that if φ( , )u v  is harmonic in the w plane, 
then U x y( , ) is harmonic in the z plane.

Summarizing, the three theorems stated above tell us that given a mapping 
w f z= ( ) that is analytic and that takes a region R of the z plane to a region ′R  of the 
w plane, we have an inverse mapping z w z= −1( ). If φ( , )u v  solves φ φ

uu vv
+ = 0 in 

some region ′R  of the w plane and φ( ) ( )w U z=  then it follows that U x y( , ) satisfi es 
U Uxx yy+ = 0.

EXAMPLE 12.3
Consider the quarter plane defi ned by 0 0< < ∞ < < ∞x y, . Solve Laplace’s equation:
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with Dirichlet boundary conditions given by f y f x( , ) , ( , )0 1 0 0= = .

SOLUTION
We can apply conformal mapping to this problem by recalling that the map w zn=  
increases angles by n meaning that θ θ→ n . For practice, let’s look at the quarter 
plane, shown in Fig. 12.1.
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We want a mapping that will take the angle
 
π π/2 → , so that we can double the 

region and use Poisson’s formula for the half plane. Recalling our discussion in 
Chap. 9, the transformation or mapping that will accomplish this is:

 w z= 2

which is given by

 
w x iy x y i xy
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Notice that as x →∞ for fi xed y ≠ 0 that v →+∞. It also the case that as y →∞ for 
fi xed x ≠ 0 that v →+ ∞. Since 0 0< < ∞ < < ∞x y, , the other extreme is x y= =0 0or  
and in either case v = 0. So, we see that we have 0 < < ∞v . On the other hand, suppose 
that x y= →∞0, . Then u →−∞. If y x= →∞0,  then u →+∞. So we have 
−∞< < ∞u .

So this map successfully generates the entire upper half plane from the quarter 
plane, as also explained in Chap. 9. The w plane is illustrated in Fig. 12.2.

To solve the problem in the upper half plane, we use Eq. (12.5). In the w plane 
this is
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The boundary condition given is f y f x( , ) , ( , )0 1 0 0= =  (in the z plane). Notice this 
is a Dirichlet boundary condition since the value of the function is being specifi ed 
on the boundary. These boundary conditions translate into g u u( , )0 1 0= − ∞ < <for  
and g u u( , )0 0 0= < < ∞for . This is because when x = 0, we have u y v= − =2 0, . 
Given the range of 0 < < ∞y  this fi xes the boundary condition to 1 when − ∞< <u 0 
and 0 when 0 < < ∞u .

x

y

Figure 12.1 The problem in Example 12.3 is specifi ed in the quarter plane 
0 0< < ∞ < < ∞x y, .
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Hence
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Figure 12.2 The mapping w z= 2 transforms the quarter plane shown in Fig. 12.1 into the 
entire upper half plane.
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We have
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Therefore the boundary conditions in the problem are satisfi ed.

EXAMPLE 12.4
Consider the unit disk with boundary values specifi ed by

 g( )θ
θ π

π θ π
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< <
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0 2

and fi nd a solution to Laplace’s equation inside the unit disk.

SOLUTION
This can be done directly using Poisson’s formula. Denoting the solution by f r( , )θ  
we have
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Alternatively, if you would prefer to avoid the integral, the problem can be solved 
by mapping the unit disk to the upper half plane, as shown in Fig. 12.3. The points 
A, B, C, D, and E map to the points ′ ′ ′ ′ ′A B C D E, , , , , respectively.

The following transformation will work:
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Here is how it maps the points A, B, C, D, and E in the fi gure:
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The solution to the Dirichlet problem in the upper half plane is given by
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Figure 12.3 In Example 12.4 we map the unit disk to the upper half plane.
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So we have

 
u

y

x y
v

x y

x y
=

+ +
=

− +
+ +

2

1

1

12 2

2 2

2 2( )

( )

( )
and

These functions can be rewritten in terms of polar coordinates using x r= cos ,θ  
y r= sinθ :

 

u
r

r r
v

r

r
=

+ +
=

−
+

2

1

1

12 2 2

2sin

( cos ) sin ( cos

θ
θ θ θ

and
)) sin

,

sin

2 2 2

2

2

1

+

⇒ =
−

r

u

v

r

r

θ
θ

Hence

 f
r

r
= −

−
⎛
⎝

⎞
⎠

−1
1 2

1
1

2π
θ

tan
sin

EXAMPLE 12.5
Consider a disk 0 ≤ <r R and solve Laplace’s equation with Neumann boundary 
conditions given by
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SOLUTION
Laplace’s equation in polar coordinates is given by
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We solved this problem for 0 1≤ <r  and different boundary conditions using 
separation of variables in Example 7.1. We can use the same general solution found 
there and apply the present boundary conditions. We had found that
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The requirement that u r( , )θ  remain bounded as r → 0 means that

 c
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as required. Multiplying through g( )θ  by sin mθ  and integrating we obtain
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(see Example 7.1). Therefore the coeffi cient in the expansion is given by
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θ θ θ

π
( )sin

Now we repeat the process, multiplying through g( )θ  by cos mθ  and integrating

 

g m d n R a n m b nn
n n( ) cos ( cos cos sin cθ θ θ θ θ θ

π

0

2
1∫ = +− oos )

cos cos

m d

n R a n

n

n
n

θ θ

θ

π

π

=

∞

−

∑∫

∫

⎧
⎨
⎩

⎫
⎬
⎭

=

1
0

2

1

0

2
mm d b n m d

nR a

n
n

n
n

θ θ θ θ θ

π

π
+( )

=

∫∑
=

∞

−

sin cos

( )(

0

2

1

1 δδ

π

mn
n

m
mmR a

)
=

∞

−

∑
=

1

1

Hence

 a
nR

g n dn n
= − ∫

1
1 0

2

π
θ θ θ

π
( ) cos

The problem also requires that the solution satisfy

 u r r dr d
R

( , )θ θ
π

00

2
0∫∫ =

We have

 

u r r dr d a r a n b n
R

n
n n

n

( , ) ( cos sin )θ θ θ θ
π

00

2

0∫∫ = + +
=11

00

2

0 00

2

∞

∑∫∫

∫ ∫

⎧
⎨
⎩

⎫
⎬
⎭

= +

r dr d

r dr a d r a

R

R
n

n

θ

θ

π

π
coos sinn d b n d

a r d

n
n

θ θ θ θ
π π

0

2

0

2

1

0

∫ ∫∑ +( )⎧
⎨
⎩

⎫
⎬
⎭

=

=

∞

rr d a R
R

0 0

2

0 2∫ ∫ =θ π
π

( )

Therefore a0 0=  and we can take

 
u r r a n b nn

n n
n

( , ) ( cos sin )θ θ θ= +
=

∞

∑
1
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Using a nR g n dn
n= − ∫[ /( )] ( )cos1 1

0

2
π θ θ θ

π
 and b nR g n dn

n= − ∫[ /( )] ( )sin1 1

0

2
π θ θ θ

π
, 

the solution can be written as

 

u r r a n b n

r
nR

g

n
n n

n

n
n

( , ) ( cos sin )

(

θ θ θ

π

= +

=

=

∞

−

∑
1

1

1 φφ φ φ θ
π

φ φ
π π

) cos cos ( )sin
0

2

1 0

21
∫ ∫{ } + −n d n

nR
g n dn φφ θ

π

{ }⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

=

∞

−

=

∞

∑

∑

sin

(

n

R

n
r g

n

n

n

n

1

1

1

1 φφ φ θ φ φ φ θ φ
π π

) cos cos ( )sin sin
0

2

0

2

∫ ∫+{ }
=

n n d g n n d

11 1

1
0

2

π
φ θ φ φ

πR

n
r g n d

n

n

n
−

=

∞ ⎛
⎝⎜

⎞
⎠⎟

−{∑ ∫ ( ) cos[ ( )] }}
= ⎛

⎝⎜
⎞
⎠⎟ −

⎧
∫ ∑

−

=

∞1
0

2 1

1π
φ θ φ

π
g

R

n
r n

n

n

n( ) cos[ ( )]⎨⎨
⎩

⎫
⎬
⎭

dφ

Green’s Functions
A Green’s function G z( ) in a region Ω is a harmonic function at all points z ∈Ω 
except at the point z z= 0

, which is a logarithmic pole. Therefore G z z z( ) ln+ − 0  is 
harmonic for all z ∈Ω. In addition, G z( ) = 0 on the boundary ∂Ω Ωof .

The Green’s function satisfi es

                         

∂
∂

+
∂
∂

= − − =
2

2

2

2 0 0 0 0 0
G

x

G

y
x x y y G x y x yδ ( , ), ( , , , ) if ( , )x y ∈∂Ω          (12.6)

where δ ( )z z− 0  is the Dirac delta function. We consider three fundamental cases. 
The Green’s function in the upper half plane with singularity at z z= 0 is

 G z z
z z

z z
( , ) ln0

0

0

1

2
=

−
−π

 (12.7)

Using Eq. (12.7), we can obtain the Green’s function for the quarter plane 0 < < ∞x , 
0 < < ∞y  by using the map w z= 2. After some algebra you can show that

 

G z z
z z

z z

x x y y

( , ) ln

ln
( )

0

2
0

2

2
0

2

0
2

0

1

2

1

4

=
−
−

=
− + −

π

π

22
0

2
0
2

0
2

0
2

( ) + + +( ){ }
− + +( ) +

}{( )

( ) }{(

x x y y

x x y y x xx y y0
2

0
2) + −( ){ }
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Finally, the Green’s function for the unit disk (with singularity z0 inside the unit 
disk) is given by

 G z z
z z

z z
( , ) ln0

0

0

1

2 1
=

−
−π

 (12.8)

EXAMPLE 12.6
Consider the strip 0 < < −∞ < < ∞y xπ ,  and fi nd the Green’s function for Laplace’s 
equation with Dirichlet boundary conditions.

SOLUTION
The strip is shown in Fig. 12.4.

The strip can be mapped to the upper half plane using w ez= . We can write down 
the Green’s function for the strip immediately using Eq. (12.7) together with w ez= :

 
G z z

e e

e e

z z

z z( , ) ln0

1

2

0

0
=

−
−π

EXAMPLE 12.7
Find the Green’s function for the half disk 0 1 0< < < <r , θ π .

SOLUTION
The problem can be done by using conformal mapping twice. The fi rst map we can 
apply takes the half disk to the quarter plane:

 w i
z

z
=

−
+

1

1
 (12.9)

This is illustrated in Fig. 12.5.
A second mapping can be applied to take the quarter plane to the half plane. This 

is W w= 2. This is shown in Fig. 12.6.

ABC

D

E′C′B′ D′A′
E

Figure 12.4 A strip of height B = π  is to be mapped to the upper half plane in Example 12.6.
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Now we have the half plane and can apply what we already know. Using Eq. 12.7, 
we have

 G W W
W W

W W
( , ) ln0

0

0

1

2
=

−
−π

Reversing course, we get the Green’s function for the quarter plane:

 G w w
w w

w w
( , ) ln0

2
0
2

2
0
2

1

2
=

−
−π

Finally, to get the Green’s function for the half-disk, we utilize Eq. (12.9), 
w i z z= − +( )/( )1 1 . This expression is just substituted for w in G w w( , )0 . Some 
tedious algebra gives the fi nal answer:

 
G z z

z z

z
z

z zz z z
( , ) ln0

0

0
2 0

2

0
2

0 0

1

2

1
1

=

−
+( ) +( )

+ − −π zz2

Figure 12.5 The mapping w i z z= − +( )/( )1 1  takes the half disk to the quarter plane.

1 – z
1 + z

w = i

z  plane
w plane

Figure 12.6 The transformation W w= 2 maps the quarter plane to the half plane.

W = w2

w plane 
W plane
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In this chapter, we introduced the application of conformal mapping to the solution 
of Laplace’s equation. It can be applied by using conformal mapping to transform 
any region into a region with a known solution such as the upper half plane. The idea 
of Green’s functions was also introduced, and the use of conformal maps to write 
down Green’s functions for Laplace’s equation in different regions was described.

 Quiz
 1. Find the harmonic conjugate of the Poisson kernel P r

r

r r
( , )

cos
.θ

π θ
=

−
− +

1

2

1

1 2

2

2

 2. Find the harmonic conjugate of u x y x y( , ) ln( )= +
1

2
2 2 .

 3. Suppose that φ( , )u v v=  in the horizontal strip − < <π π/ /2 2v . Is the 
function harmonic? Find a map that maps the right half plane x > 0 in the 
z plane onto this strip and fi nd a function that is harmonic on the right half 
plane. 

 4. Solve Φ Φ
xx yy

y+ = >0 0,  if Φ( , )x
A x
B x
C x

0
1

1 1
1

=
⎧
⎨
⎪

⎩⎪

< −
− < <

>

 5. Find the Green’s function for a triangular wedge in the quarter plane with 
angle α (Hint: The transformation zk expands angles, choose a transformation 
to take α π→  to cover the entire upper half plane).

Summary
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Final Exam

 1. Using the defi nition of the derivative of a complex function in terms of 
limits, fi nd f ′(z) when f (z) = z3.

 2. If f (z) = z fi nd 
Δ
Δ
w

z
 and determine if the function is differentiable.

 3. Find the derivative of f (z) = 3z2 − 2z.

 4. Find the derivative of f z
z

z
( ) =

+

3

21 .

 5. Find the derivative of f (z) = (2z2 + 2i)5.

 6. Is  f = 2x + ixy2 analytic?

 7. Is the function f x iy x i xy y x iy= + − − − +( ) ( )( )3 2 22  analytic?

 8. Find f ′(z) when f r ei= 3 2θ / .

 9. In what domain is f x y i x y= +cosh cos sinh sin  analytic?

 10. Let f = u + iv be analytic. Show that v is harmonic.
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 11. Consider the gamma function. Starting with the standard defi nition, 

Γ (z) = ∫∞ − −
0

1t e dtz t ,  use t
u

= ⎛
⎝⎜

⎞
⎠⎟ln

1
 to reexpress the gamma function in 

terms of the natural logarithm.

 12. Find the harmonic conjugate of u
x y

x y x y
=

−
− +

2 2

2 2 2 2 24( )
.

  In questions 13 to 25, use integral theorems from complex variables to 
evaluate the following integrals.

 13. dx

x2 20 +∫ sin

π

14. dx

x5 40 +∫ cos

π

15. cos cosx a

x a
dx

−
−−∞

∞

∫ 2 2

16. x dx

x

3

3 20 2( )+
∞

∫
 17. sech2x x dxcos

−∞

∞

∫
18. e

x
dx

i x2

21 4+−∞

∞

∫

 19. 1

2 1 20

2 dθ
θ

π

+∫ cos

20. x x

x x
dx

sin

( )( )2 20 3 4+ +
∞

∫

21. x

x
dx

( )+
∞

∫ 3 20

 22. 1

2 42π
sin

( )

x

x x
dx

+−∞

∞

∫

 23. e x dxx−∞

∫
2

2
0

cos

24. cos x dx

x1 20 +
∞

∫

 25. 
dθ

θ
π

6 30 −∫ cos
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Write the following in the standard form z = x + iy.

 26. (1 + 2i)3

 27. (1 + i)3

 28. 6

3

i zz+

 29. What are the real and imaginary parts of 1 2+ z z?

 30. What is the modulus of 1 2+ z z?

 31. Find the modulus of z = (2 + i)2.

 32. Find the modulus of z
i

=
−1 2

3
.

 33. What is the residue of at f z
z

( ) =
1

 at z = 0?

 34. What is the residue of f z
z

( ) =
1

3
 at z = 0?

 35. Find the residue of at 
sin z

z1 3+
z = −1.

 36. What are the singularities of f z
z

z z
( )

( )( )
=

+ +

2

2 1 4
?

 37. What is the residue of f z
z

z z
( )

( )( )
=

+ +

2

2 1 4
 for z = −4?

 38. What is the residue of f z
z

z z
( )

( )( )
=

+ +

2

2 21 2
 when z = −2?

 39. Find the singularities and their order of f z
z

z z z
( )

( )( )
=

+ −

2

24 2
.

Find the Laplace transform of the following:

 40. e−x cos x

 41. eix

 42. sinh x

 43. t2 e−1

If possible, use the Bromvich inversion integral to fi nd the inverse Laplace transform 
of the following:

44. s

s2 1+

 45. 1

12s −
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 46. 
1

22s +
47. s

s2 2+

48. 1

4 82s s+ −

 49. 
s

s s s( )( )2 1 3+ −

 50. 4
5s

Find the series expansions of the following functions about the origin. Identify the 
principal part if it exists:

 51. tan z

 52. ez

 53. 
e

z

z

3

 54. cos z

55. sin z

z2

56. sinh z

z

 57. cosh z

z3

 58. ln | |z − 2

 59. 
1 1

1z

z

z
ln

+
−

 60. 
1

1 2 2z z z( )( )+ −

Calculate the following limits:

 61. lim
z i

z
→2

2

 62. lim
z

z
→2

2

 63. lim
z i

z
→ +1
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 64. lim
z

ize
→π

 65. lim
cos

z

z

z→π

 66. lim
sin

z

z

z→0

π
π

 67. lim
z

z

z→∞ +2 6

 68. lim
sinz

z

z→0

 69. lim
( )z

z

z→ −1 21

 70. lim
( )z i

z

z→ −2 21

Write the following as polynomials in z and z :

 71. x + y2

 72. x3

 73. 2x − iy

 74. 2x + 6iy

 75. 4y2

Compute the following derivatives:

 76. 
∂
∂

+
z

x y( )2

77. ∂
∂

+
z

x y( )2

 78. 
∂
∂x

z( )3

79. ∂
∂x

z2

 80. 
∂
∂x

z| |2

Find the real and imaginary parts of the following functions:

 81. f z zz( ) =
 82. f (z) = z2
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 83. f (z) = ez

 84. f z
z

( ) =
1

 (in polar coordinates)

 85. f z z( ) /= 1 3

For each of the following functions, indicate where the function may not be analytic.

 86. f
z

=
+
1

1 2

 87. f
z

z
=

sin

 88. f = 1 − z2

 89.  f z z= −1 2

 90.  f
z

z z
=

− +
2

1 2( )( )

 91. Find the harmonic conjugate function of u y x y= −3 23 .

 92. Evaluate exp
1

2 4
+⎛

⎝⎜
⎞
⎠⎟i

π
.

 93. Evaluate exp(2 + 3pi).
 94. Evaluate log1.

 95. Calculate (1 + i)i.

 96. Find ei(2n+1) where n is an integer.

 97. Evaluate sin z +⎛
⎝⎜

⎞
⎠⎟

π
2

.

 98. Find sin iy.

 99. Find cos iy.

 100. Find the roots of the equation sin z = cosh 4.



Quiz Solutions

Chapter 1
 1. 1/8 

 2. 
1

5

7

5
− i

 3. z + w = 5 + 2i, zw = 9 + 7i

 4. z i w i= − = +2 3 3,

 5. −3 4π /

 6. 3 2 3cos sin sinθ θ θ−
 7. sin cosh cos sinhx y i x y+

 8. − ± −i z zln( )2 1

 9. 
3

2

1

2

3

2

1

2
+

⎛
⎝⎜

⎞
⎠⎟ − +

⎛
⎝⎜

⎞
⎠⎟ −i i i, ,

10. 8eip/2
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Chapter 2
 1. 3i

 2. 2 + i

 3. z zz i2 2+ −

 4. f f z z z z+
=

+ + + +
2

6

2

2 2

 5. u x y x y v x y y( , ) , ( , )= + + = −1 2 2

 6. 4

 7. 1

 8. −i

 9. 0

 10. No, f (1) does not exist.

Chapter 3
 1. nzn−1

 2. Δ
Δ

= + Δ +
Δ
Δ

w

z
z z z

z

z
, no.

 3. 24z7 − 12z

 4. −
+

6
2 32

4

z z

z

 5. −
i

3
 6. u e y v

x
x

y
= ≠cos

 7. u v
x y

= = −1 1, ,  so the Cauchy-Riemann equations are never satisfied, not 
even at the origin. So it is not differentiable.

 8. Yes

 9. The Cauchy-Riemann equations are satisfied, so the derivative exists 
everywhere in the specified domain.

 10. Yes, v x y xy( , ) = 2



Quiz Solutions 257

Chapter 4
 1. Use the same steps applied in Example 4.5.

 2. Consider ez = −1 where e y n nx = = + = ± ±1 2 1 0 1 2, ( ), , , ,π . . . .

 3. e2

 4. 1 + tan2 z = sec2 z

 5. tan tan

tan tan

z w

z w

+
−1

 6. Yes, they must be multi-valued, because they are defined in terms of the 
natural log function.

Chapter 5

 1. N
z

= 2
ε

 2. cos
sin

( )

sin( )

n
n

θ
θ

θ2

1

2
2

⎛
⎝⎜

⎞
⎠⎟

+⎛
⎝⎜

⎞
⎠⎟

/
 3. p
 4. 4

 5. Uniformly convergent to 0, |z| ≥ 2.

 6. 
( )−

+
+

=

∞

∑ 1

32 2

4 1

0

n

n

n

n

z

 7. Converges absolutely

 8. −
−

+

+

=

∞

∑ ( )

( )!

z i

n

n

n

π 2 1

0 2 1

 9. ( )

( !)

r

n

n

n

/2 2

2
0=

∞

∑

 10. z
n

zn

n

n

nn

+
+
+

=

∞

=−∞

−

∑∑ ( )1

2 2
0

1

 11. Removable singularity.
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Chapter 6
 1. −5/4

 2. 3

4

+ i

 3. 1

2
2+⎛

⎝⎜
⎞
⎠⎟ +

i
i e( )/π

 4. 1

2

+ eπ

 5. 0

 6. 0

 7. arctan (x)

 8. 
2

5

π

 9. −pi

 10. −
+

8

642

π
π

i

Chapter 7
 1. 0

 2. i
π
3

 3. 1

9

1

1

2

3

1

12( )z z+
+

+
 4. Singularities: 0 5 2, ,− π / residues: 0 2 5, / π
 5. Singularities: 0, p, residues: 1/p, 0

 6. π
3 15

 7. p /2
 8. p

 9. 5

6

π

 10. 
π
e
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Chapter 8
 1. s

s2 2+ ω

 2. s

s a2 2−

 3. f t
t

e k t( ) /= −1 2 4

π
 4. cos wt

 5. f x t( )
sin

( )!=
⎛
⎝⎜

⎞
⎠⎟ −−απ

π
αα 1

Chapter 9
 1. A parabola described by u

v

a
a= ⎛

⎝⎜
⎞
⎠⎟ −

2

2
2

 2. x = a is mapped to a circle |w| = ea

3. w
i z

i z
=

−
+

 4. z = ±2 2

5. w
i z

i z
=

−
+

 6. Tz
z

z
=

−
+

1

1

Chapter 10
 1.  It maps an infinitely high vertical strip with v ≥ 0 of width W = Ap + B to the 

upper half plane.
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Chapter 11
 1. 1

 2. 6

3. 64

21

2 1

4

2

π
Γ

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢

⎤
⎦
⎥

 4. 2p

 5. Γ 1
3

2 3

⎛
⎝

⎞
⎠

 6. Γ Γ Γ( ) ( )
sin

, ( )z z
z z

− = − − = −
π

π
π1 2 2/

7. Γ
Γ

( )

( )

α
α

+
− +

1

1n

 8. This gives the harmonic series.

 9. 1

 10. The function is entire—it is analytic everywhere in the complex plane.

Chapter 12

 1. v r
r

r r
( , )

sin

cos
θ

π
θ
θ

=
− +1 2 2

 2. v x y
y

x
v( , ) arctan= ⎛

⎝⎜
⎞
⎠⎟ + 0

where v
0
 is a constant

 3. Yes, w z U x y
y

x
= = ⎛

⎝⎜
⎞
⎠⎟ln , ( , ) arctan .

 4. A B y

x

B C y

x
C

−
+

⎛
⎝⎜

⎞
⎠⎟ +

−
−

⎛
⎝⎜

⎞
⎠⎟ +− −

π π
tan tan1 1

1 1

 5. G z z
z z

z z
( , ) ln

/ /

/ /0
0

0

1

2
=

−
−π

π α π α

π α π α



CHAPTER 1

Final Exam 
Solutions

 1. Use to get( ) ( )x y x x y xy y f z z+ = + + + ′ =3 3 2 2 3 23 3 3 ..

 2. 1, yes.

 3. 6z − 2

 4. 3

1

2 4

2 2

z z

z

+
+( )

 5. 20z(2z2 + 2i)4

 6. No

 7. No, note that f z z z z( ) = −3 2

 8. 
1

3 3 2 2( )/r eiθ
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 9. The function is entire.

 10. u v u v v v
xy yy xy xx xx yy

= = − ⇒ + =, 0

 11. ln
1

0

1
1

u
du

z
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥∫

−

 12. v
xy

x y x y
=

−
− +

2

42 2 2 2 2( )

 13. π
6

 14. p /3

 15. −
π sin a

a

 16. 2

9 3

3 π

 17. 2π
πsinh

 18. π
2e

 
19.

 

π
2

 20. π
e

e
2

2 3 1( )− −

 21. π
2 3

 22. sinh( )1

4e

 23. π
2e

 24. π
2e

 25. π
3 3

 26. − +3 4i

 27. −2 + 2i

 28. x y
i

2 2

3
2

+
+



Final Exam Solutions 263

 29. Re , Im= + + = +1 3 2 2 3x xy yx y

 30. ( ) ( )1 3 2 2 2 3+ + + +x xy yx y

 31. 5

 32. 5

3
 33. 1

 34. 0

 35. −
sin( )1

3
 36. z i z= ± = −, 4

 37. 16/17

 38. −4/25

 39. z = −0 1,  order 1, z = 2 order 2

 40. 1

1 1 2

+
+ +

s

s( )

 41. 1

s i−

 42. 1

12s −

 43. 2

1 3( )+ s

 44. e
e

t
t

−

+
2

1 2( )

 45. sinh t

 46. sin 2

2

t

 47. cos 2t

 48. e
e

t
t

− +

−
2 1 3

4 3

4 3
1

( )

( )

 49. 1

10
33( cos sin )e t tt − −

 50. t4

6

 51. z
z z

+ + +
3 5

3

2

15
�
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 52. 1
1

2 6 24

2 3

z

z z z
+ + + + +� , principal part 

1

z

 53. 1 1 1

2

1

3 4 53 2

3

z z z

z z
+ + + + + +

! ! !
�, principal part 

1 1 1

23 2z z z
+ +

 54. 1
2 4

2 4

− + −
z z

! !
�

 55. 
1

3 5 7

3 5

z

z z z
− + − +

! ! !
� , principal part 1

z

 56. 1
3 5

2 4

+ + +
z z

! !
�

 57. 
1 1

2 4 63

3

z z

z z
+ + + +

! !
� , principal part 

1 1

23z z
+

 58. i
z zπ + − + −ln2
2 8

2

�

 59. 
i

z

z zπ
+ + + +2

2

3

2

5

2 4

� , principal part 
i

z

π

 60. 
1

4

3

16 16

9

64

2 3

z

z z z
+ − + +�, principal part 

1

4z

 61. −4

 62. 4

 63. 1 − i

 64. −1

 65. −1/p
 66. 1

 67. 0

 68. 1

 69. ∞

 70. − +
2

25
4 3( )i
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 71. z z z zz z+
− + −

2 4 2 4

2 2

 72. 1

8
3 33 2 2 3( )z z z zz z+ + +

 73. z z+ 3

2
 74. z i z i( ) ( )1 3 1 3+ + −
 75. z zz z2 22− +

 76. x
i

+
1

2

 77. x
i

−
1

2

 78. 3 6 32 2x i xy y+ −
 79. 2 2x i y+
 80. 2x

 81. u x y v= + =2 2 0,

 82. u x y v xy= − =2 2 2,

 83. u e y v e yx x= =cos , sin

 84. u
r

v
r

= =
cos

,
sinθ θ

 85. u r v r= =1 3 1 33 3/ /cos , sinθ θ/ /

 86. Analytic except at z i= ±
 87. Analytic except at z = 0

 88. Is entire

 89. Not analytic, depends on z

 90. Analytic except at z = −1 2,

 91. v x xy= −3 23

 92. e
i

2
1( )+

 93. −e2

 94. 2 0 1 2n i nπ = ± ±, , ,...

 95. exp ln− + +
⎛
⎝⎜

⎞
⎠⎟

π π
4

2
2

2n
i
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 96. ( ) /−1 1 π

 97. cos z

 98. i ysinh

 99. cosh y

 100. π π
2

2 4 0 1 2+
⎛
⎝⎜

⎞
⎠⎟ ± = ± ±n i n, , , ,...
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INDEX

* (asterisk), 3
{ } (curly braces), 91

AA
Abel’s integral equation, 178
Absolute value, 12, 30
Absolutely converging series, 96
Addition:

and analytic functions, 60
of arguments, 15
associative law of, 11
commutative law of, 11
of complex numbers, 2, 7
of exponents, 71, 72
identity with respect to, 11
of real/imaginary parts, 120
(See also Sum(s))

Additive inverse, 11
Alternating harmonic series, 101
Analytic function(s):

Cauchy-Riemann equations for determining, 51, 53–57
continuously differentiable, 51–53, 56–57
defi ned, 42, 45, 59
essential singularity of, 148
harmonic, 61–63
Laurent expansion of punctured disc, 145–147
local power series expansion of, 144
necessary/suffi cient conditions for, 60
properties of, 60–61, 144–148
refl ection principle of, 63
and singularity, 59–60
zero result of power series expansion integration, 145

Analytic part, of series, 111, 114
Annular region, 110
Antiderivative, 127
Arc, 122

Arc cosine function, 78
Argument(s), 13

addition of, 15
of exponent, 74

Argument theorem, 138
Associative law, 11
Asterisk (*), 3

BB
Bessel function, 101
Beta function, 224–225
Bilinear transformation, 196
Binomial theorem, 43
“Blowing up,” function, 28, 29, 32, 33, 146
Boundary value problems, 234–245

Green’s function for Laplace equation with Dirichelet, 245
Laplace equation inside unit disk with, 239–241
Laplace equation with Dirichelet, 236–239
Laplace equation with Newmann, 241–244
theorems for solving, 235

Bounded sequence, 95
Branch, of function, 88–89
Branch cut, 88
Branch point, 88, 111
Bromwich contour, 180
Bromwich inversion integral, 179–181

CC
Cartesian representation, 12
Cauchy, Augustin Louis, 51
Cauchy-Goursat theorem, 127–133
Cauchy-Riemann equation(s):

and analytic functions, 41–42
and continuously differentiable functions, 56–57
defi ned, 53–54
discovery of, 51

Copyright © 2008 by The McGraw-Hill Companies, Inc. Click here for terms of use. 
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Cauchy-Riemann equation(s) (Cont.):
examples using, 54–56
fi rst, 54
and harmonic functions, 61–63
polar representation of, 57–59
satisfying conditions of, 54–56
second, 54
and singularity, 59–60

Cauchy’s convergence criterion, 95
Cauchy’s inequality, 136
Cauchy’s integral formula, 135–143

and argument theorem, 138
and Cauchy’s inequality, 136
defi ned, 132–133
and deformation of path theorem, 137, 138
and Gauss’ mean value theorem, 137
and Liouville’s theorem, 136–137
and maximum/minimum modulus theorem, 137
and Poisson’s integral formula for circles, 

138–143
and Rouche’s theorem, 138
as sampling function, 143–144
statement of, 135–136

Cauchy’s integral theorem, 131–132
Chain rule, 48
Circles:

mapping, 191–192
Poisson’s formula for, 138–143, 234

Clockwise direction, 124, 125, 154
Closed contour, 122
Closure law, 11
Coeffi cients, 65
Commutative law, 11
Comparison test, 96
Complex analysis, 4
Complex conjugate, 2–9

forming, 2–3
of function, 24–25
rules for, 5–9
of variable, 4

Complex differentiable function, 42
Complex exponential, 14, 70–75
Complex exponents, 84–85, 88
Complex functions, 21–40

conjugate, complex (see Complex conjugate)
continuity of, 38–40
defi ned, 21–22
derivative of, 46
domain of, 23–24
infi nity, limits involving, 38
limits of, 33–38
multi-/single-valued, 33
plotting, 28–33
polar representation of, 27–28

real/imaginary parts of, 24–28
sequences of, 92–93

Complex integration/integrals, 117–133, 163–167
and Cauchy-Goursat theorem, 127–133
contour, 121–124
of functions, 117–119
line, 124–127
properties of, 119–121

Complex line integrals, 124–127
Complex numbers, 1–19

addition of, 2, 7
algebra of, 2–4
axioms for, 10–11
conjugate rule for, 5–9
modulus of, 3, 12
multiplication of, 7
nth roots of unity for, 16–19
and Pascal’s triangle, 9–10
polar representation of, 12–16
subtraction of, 8
variables, complex, 4–5

Complex plane, 5, 121–124
Complex polynomials, 65–70
Complex series, convergence of, 95
Conformal mapping, 190, 234
Conjugate:

complex (see Complex conjugate)
harmonic, 62–63, 232–234

Conjugate rule, for complex numbers, 5–9
Constant:

derivative of, 45
Euler’s, 219

Continuous functions, conditions needed for, 38–40
Continuously differentiable curve, 125–126
Continuously differentiable functions:

defi ned, 51–53, 124, 125
derivative of, 56–57

Contour integral:
conversion to, 153
defi ned, 126–127
of gamma function, 224

Contour integration, 121–124, 163–167
Contour plot:

of cosh, 82
of function, 31–33
of gamma function modulus, 220
of imaginary part, 70
of modulus, 67, 220
of real part, 69
of Riemann zeta function, 227

Convergence:
disc of, 104–105
of series, 94–95, 106–108
tests of, 96–97
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Convergent sequence, 92
Convergent series, 94–95, 97, 108
Convolution, 178–179
Cosecant function:

derivative of, 88
hyperbolic, 84
in terms of exponentials, 76

Cosine function:
derivative of, 87
hyperbolic, 79–84
series representation of, 101–104
Taylor expansion of, 100
in terms of exponentials, 75–78

Cosine inverse, 78
Cotangent function, 76, 88
Counterclockwise direction, 123
Cross ratio, 196–197
Curly braces ({ }), 91
Curve:

closed, 122, 123
continuously differentiable, 125–126
direction/sense of, 123
open, 122
simple, 122, 123

DD
De Moivre’s theorem, 15–16
Defi nite integrals, evaluation of real, 151–155
Deformation of path theorem, 137, 138, 148, 149
Degree, of polynomial, 65
Deleted neighborhood, 33
Dependence, 51–53
Derivative(s):

of complex exponent, 88
of complex functions, 46
of constant, 45
defi ned, 42
of elementary functions, 47–48, 85–88
of exponential function, 86
of hyperbolic functions, 88
and Leibniz notation, 43–45
of logarithm, 86
of natural logarithm, 87
polar representation of, 57–59
of polynomial, 45–46
product/quotient rules for, 48–50
rules for computing, 45–46
of trigonometric functions, 87–88

Difference, integral of, 119
Differentiation:

of Laplace transform, 174–179
rules for, 45–46

Dilation, 196
Dirac delta function, 143–144, 244

Direction, of curve, 123
Dirichlet boundary conditions, 236, 237, 245
Disc:

of convergence, 104–105, 109
punctured, 145–147

Disks:
Laplace’s equation inside unit disk, 239–241
Laplace’s equation on, 138–139
open, 34–37

Distributive law, 11
Divergent sequence, 92
Divergent series, 94
Division:

and analytic functions, 60
of complex numbers, 2, 8–9, 15, 49

Domain, of function, 22–24
Duplication formula, 220

EE
Elementary functions, 65–89

branches of, 88–89
complex exponentials, 70–75
complex exponents, 84–85
complex polynomials, 65–70
derivatives of, 85–88
hyperbolic, 78–84
trigonometric, 75–78

Entire function, 42, 112
Equality (of complex numbers), 4
Essential singularity, 111, 148
Euler’s constant, 219
Euler’s formula, 13–15
Expansion, of region, 194, 195
Exponential function, derivative of, 86
Exponents:

additive property of, 71, 72
argument of, 74
complex, 84–85, 88

FF
Fesnel integrals, 163–164
Field, 11
Final examination:

answers, 261–265
problems, 249–254

Fixed points, of transformation, 201–202
Fourier transform, 156, 179
Fractional transformation, 196
Function(s):

complex (see Complex functions)
continuous, 38–40
continuously differentiable (see Continuously differentiable 

functions)
entire, 42, 112
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Function(s) (Cont.):
functions, 78–84
gamma (see Gamma function)
harmonic (see Harmonic functions)
hyperbolic, 78–84
limits of, 33–38
meromorphic, 112–114
multi-/single-valued, 33
plotting, 28–33, 66–70

Fundamental theorem:
of algebra, 137
of calculus, 127–128

GG
Gamma function, 209–224

alternative defi nition of, 211–213
beta function related to, 225
contour plot of modulus of, 220
defi ned, 209
as logarithmically convex on real axis, 222–223
as meromorphic function, 219
properties of, 219–223
recursion relation for, 210–211
residue of, 222
Stirling approximation for, 224
when 0 < z < 1, 213–218
zeta function in terms of, 225

Gauss’ mean value theorem, 137
Gauss’ Π function, 220
Geometric series, 101
Green’s functions, 244–246
Green’s theorem, 131–132

HH
Harmonic conjugate, 62–63, 232–234
Harmonic functions, 42, 61–63, 231–232
Harmonic series, 101
Heaviside step function, 169
Holomorphic functions, 51, 59
Hyperbolic functions, 78–84

cosine, 79–84
derivatives of, 88
period of, 83
sin, 82–84
tan/sec/csc, 84

II
Identity:

with respect to addition, 11
with respect to multiplication, 11

Imaginary axis, 5
Imaginary number (i), 1

Imaginary part(s):
addition of, 120
of complex number, 2
contour plot of, 70
of function, 24, 26
limits in terms of, 34

Infi nite series, 94
Infi nite strips, 192–194
Infi nity:

limits involving, 38
singularity at, 112

Integral(s):
complex (see Complex integration/integrals)
contour (see Contour integral)
of difference, 119
of rational function, 155–161

Integration by parts formula, 170
Invariant, 201
Inverse:

additive, 11
cosine, 78
of exponential, 74
of formulas, 14
of Laplace transform, 179–181
multiplicative, 6, 11

Inverse mapping, 205
Inverse trigonometric function, 78

JJ
Jordan arc, 122
Jordan’s lemma, 153, 154

KK
Kronecker delta function, 141

LL
Laplace equation, inside unit disk, 239–241
Laplace transform, 167–181

defi ned, 167–168
and differentiation, 174–179
examples of, 168–171
inverse of, 179–181
properties of, 171–173

Laplace transform pair, 168, 169
Laplace’s equation:

on disks, 138–139
and harmonic function, 231–232
with Neumann boundary conditions, 241

Laurent series, 109–111, 113, 149
Laurent series expansion, 145, 146, 148
Leibniz notation, 43–45
L’Hopital’s rule, 50
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Limits:
of complex functions, 33–37
of integration, 120
involving infi nity, 38
of sequences, 92

Line integrals, complex, 124–127
Linear transformations, 184–188
Linearity properties, of integral, 172
Liouville’s theorem, 136–137
Logarithm:

defi ned, 74–75
derivative of, 86
Taylor expansion of, 100

MM
Maclaurin series, 98, 102
Magnitude, 12
Mapping:

1/z, 190–192
conformal, 190, 234
illustration of, 183–184
of infi nite strips, 192–194
Riemann theorem of, 203–204
of Schwarz-Christoffel transformation, 

204–207
Maximum modulus theorem, 137
Meromorphic function, 112–114
Minimum modulus theorem, 137
Möbius transformations, 195–201
Modulus:

of complex number, 3, 12
of complex variable, 5
contour plot of, 67, 220
of gamma function, 220
maximum/minimum modulus theorem, 137
multiplication of, 15
properties of, 12
of Riemann zeta function, 226, 227

Monotonic decreasing sequence, 95
Monotonic increasing sequence, 95
Morera’s theorem, 132
Multiple poles, 146
Multiplication:

and analytic functions, 60
associative law of, 11
commutative law of, 11
of complex numbers, 2, 7, 14, 48
and convolution, 178–179
of moduli, 15
(See also Product)

Multiplicative inverse, 6, 11
Multivalued functions, 33, 88, 89

NN
Natural logarithm, 74–75, 87
Necessary condition (of analytic function), 60
Negative direction, 123–125
Neighborhood, deleted, 33
Neumann boundary conditions, 241
Neumann problem, 231
Nonterminating principal part, 148
nth root test, 96
nth roots of unity, 16–19
nth term in sequence, 91

OO
ODE (ordinary differential equation), 176
1/z mapping, 190–192
Open curve, 122
Open disks, 34–37
Ordinary differential equation (ODE), 176
Orthogonality integrals, 141

PP
Parabola, 188
Partial fraction decomposition, 166
Partial sums, 94
Pascal’s triangle, 9–10
Period, of hyperbolic functions, 83
Plotting:

of complex exponential, 70–72
of complex functions, 28–33, 66–70

Poisson kernel, 156
Poisson’s formula:

for circles, 138–143, 234
for half plane, 235

Polar form, 14
Polar representation:

of Cauchy-Riemann equations, 57–59
of complex functions, 27–28
of complex numbers, 12–16

Pole of order n, 111
Polygons, mapping, 205–206
Polynomials:

complex, 65–70
defi ned, 65
derivative of, 45–46

Positive primes, 227
Positive sense, 123, 124
Power, raising to a, 15
Power series:

defi ned, 97
Taylor/Maclaurin, 98
theorems on, 98–100
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Power series expansion, 14, 144, 145
Primes, positive, 227
Principal branch, 75
Principal part, 154

defi ned, 146
nonterminating, 148
of series, 111, 113

Principal value, 13, 75
Product:

and analytic functions, 60
of complex functions, 120

Product rule, 48
Punctured disc, 145–147

QQ
Quiz solutions, 255–260
Quotient, 60
Quotient rule, 49

RR
Raabe’s test, 97
Radius of convergence, 94, 97, 104–106
Ratio test, 96, 104–105
Rational function, integral of, 155–161
Rays, 192
Real axis, 5
Real part(s):

addition of, 120
of complex number, 2, 7
of function, 24, 25
limits in terms of, 34

Reciprocal, of complex numbers, 15
Reciprocation, 196
Rectangular region, transformation of, 

185–188
Recursion formula, 221
Recursion relation, 210
Refl ection principle, 63
Removable singularity, 111, 145, 147
Residue theorem, 148–151, 164
Residues, 149–161

computing, 150–152
defi ned, 149
and rational function integrals, 155–161
and real defi nite integrals, 151–155

Riemann, George Friedrich Bernhard, 51
Riemann mapping theorem, 203–204
Riemann zeta function, 225–229

as analytic function, 227–229
contour plot of modulus of, 227
modulus of, 226

Root (of number), 16–19
Root test, 106

Rotation, of region, 195, 196
Rouche’s theorem, 138

SS
Sampling function, 143–144
Schwarz-Christoffel transformation, 

203–207
applications of, 203
defi ned, 203
mapping, 204–207

Secant function:
derivative of, 88
hyperbolic, 84
in terms of exponentials, 76

Sense, of curve, 123
Sequences, 91–93

bounded, 95
of complex functions, 92–93
limits of, 92
monotonic increasing/decreasing, 95

Series:
alternating harmonic, 101
of Bessel function, 101
common, 100–109
convergence of, 94–97, 106–109
of cosine function, 101–104
disc of convergence for, 104–105
geometric, 101
harmonic, 101
of hyperbolic sine, 102–103
infi nite, 94
Laurent, 109–111
power, 97–100
radius of convergence for, 106
and singularity, 111–112
Taylor/Maclaurin, 98

Shrinkage, of region, 194, 195
Simple closed curve, 122, 123
Simple curve, 122, 123
Simply connected region, 235
Sin function:

derivative of, 87
hyperbolic, 82–84
series representation of, 102–103
Taylor expansion of, 100
in terms of exponentials, 75–78

Single-valued functions, 33
Singular point of z, 59–60, 111, 114
Singularity, 111

defi ned, 59–60
essential, 111, 148
of function, 146–147, 150
at infi nity, 112
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nature of, 147
at origin, 28
removable, 111, 145, 147

Square region, transformation of, 
187–188

Standard Cartesian notation, 25
Stirling approximation, 224
Subtraction:

and analytic functions, 60
of complex numbers, 2, 8

Suffi ciency condition (of analytic function), 60
Sum(s):

and analytic functions, 60
integral of, 119
partial, 94

TT
Tangent function:

derivative of, 88
hyperbolic, 84
Taylor expansion of, 100
in terms of exponentials, 75

Taylor series expansion, 13, 98, 100
Time scaling, 172–173
Time shifting, 173
Transform:

defi ned, 167
Laplace (see Laplace transform)

Transformation(s):
fi xed points of, 201–202
linear, 184–188
Möbius, 195–201

rules of thumb for, 194–195
Schwarz-Christoffel, 203–207
zn, 188–190
(See also Mapping)

Translation, 196
Triangle inequality, 12
Triangular region, transformation of, 189–190
Trigonometric functions, 75–78, 87–88

(See also specifi c trigonometric functions, 
e.g., Cosine function)

UU
Uniformly convergent series, 97, 108
Unit step function, 169

VV
Value, of function, 22

WW
Weierstrass M-test, 97, 99–100, 107

XX
x axis, approaching origin along, 37

YY
y axis, approaching origin along, 37

ZZ
z plane, 5
Zeta function, Riemann (see Riemann zeta function)
zn transformation, 188–190
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